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Linear Analysis of a Liquid-Film Combustor
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Steady-state axisymmetric combustion in a cylindrical chamber with the liquid fuel introduced through a wall
film is analyzed. For the miniature combustor of interest, the swirling core flow of air, fuel vapor, and products
operates in the laminar range. Under the condition of unitary Lewis number, the analysis of the scalar fields takes
advantage of the existence of a linear combination of the scalar properties, known as the super scalar, which
is spatially uniform. The base flow is assumed to have constant density and to be either a fully developed flow
or a plug flow. Perturbations account separately for swirl effects, Stefan flow, and density variations. Therefore,
some linearization becomes helpful. The effects of each perturbation type on the velocity fields and scalar fields
are determined. The motion in the liquid film is coupled to the core gas motion. The diffusion flame character
is portrayed. Vaporization rates and burning rates are determined; the effects of radial velocity perturbations,
due to swirl and Stefan flow, and of the density variations on the transport, vaporization, and burning rates are
determined. The analysis yields closed-form solutions in terms of eigenfunction expansions. Series solutions are
found to certain ordinary differential equations describing radial variations in the dependent variables. Large
Damkohler number solutions are calculated as functions of Reynolds number and Peclet number, showing strong
dependencies. Methanol and heptane fuels are considered. Limits of high Peclet number are also examined. The
results allow for the prediction of required chamber length for given chamber diameter, inlet flow conditions,
liquid-fuel physicochemical properties, initial fuel temperature, and overall mixture ratio. The feasibility of the
liquid-film concept, which has been demonstrated in the laboratory, is supported theoretically.

I. Introduction

C OMBUSTION has the potential to provide simultaneously
high-power density and high-energy density; these parameters

make it more attractive than batteries and fuel cells for applications
in which weight is an issue, for example, flight or mobile power
sources. Therefore, it is important to study this method of power
generation at small scale. The microgas turbine1 (combustor vol-
ume 0.04 cm3), the mini- (0.078 cm3 displacement) and micro-
(0.0017-cm3 displacement) rotary engine,2 the microrocket3,4

(0.1-cm3 combustion chamber), and the micro-Swiss-roll burner5

are examples of such studies. These devices are not yet sufficiently
efficient to compete with the best batteries; however, the feasibil-
ity of internal combustion as a miniature power source has been
shown. The major challenge for all miniature-combustor designs is
the increasing surface-to-volume ratio S/V with decreasing size.
Combustor-wall temperatures are kept fairly low due to material
considerations and high S/V usually produces flame quenching,
attracting researchers to quench-resistant fuels, for example, hydro-
gen, high-preheat concepts (as with the Swiss-roll burner), or cat-
alytic surfaces.6 Kyritsis et al.7 have some interesting approaches
using catalysts and electrospraying. Much of the earlier research
in compact energy and power sources has derived from Defense
Advanced Research Projects Agency programs in palm power and
portable power. These programs are often device based and con-
strained by specific target applications, making it difficult to study
the fundamentals of potentially new combustion regimes governed
by small physical scales and high surface to volume ratios. A use-
ful overview of those studies is given by Fernandez-Pello8 and by
Walther and Fernandez-Pello.9

Recent studies10−13 indicate that the strategy of vaporizing liquid
fuel from a film on the combustor wall offers significant advantages

Received 22 October 2004; revision received 7 March 2005; accepted
for publication 8 March 2005. Copyright c© 2005 by William A. Sirignano.
Published by the American Institute of Aeronautics and Astronautics, Inc.,
with permission. Copies of this paper may be made for personal or internal
use, on condition that the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include
the code 0748-4658/05 $10.00 in correspondence with the CCC.

∗Professor, Mechanical and Aerospace Engineering; sirignan@uci.edu.
Fellow AIAA.

†Research Assistant, Mechanical and Aerospace Engineering.

over spray vaporization for miniature combustors. The liquid-fuel-
film minimizes heat loss to the wall, inhibits flame quenching, and
keeps the temperature of the wall material low. These findings are
based on dimensional analysis, order-of-magnitude analysis, and ex-
periments. The experimental observations and measurements10,12,13

provide the proof of concept for a University of California patent
application.

This paper presents an analytical treatment of the governing par-
tial differential equations. Although the film-combustor concept is
not limited to continuous combustors or to any particular geome-
try, we consider here steady continuous combustion in a circular-
cylindrical chamber. The mixing and reaction occurs, therefore, in
a gas surrounded by a liquid-fuel film. The analytical perturbation
approach taken here offers some advantage over the direct numeri-
cal integration of the Navier–Stokes equations for the reacting flow.
The separate effects of the base axial flow, the induced swirl, the
Stefan flow, and the expanding gas flow on the mixing and chem-
ical reaction can be evaluated. The effects of different parameters
can be more readily evaluated, for example, fuel heating value, fuel
volatility (boiling point and latent heat of vaporization), mass stoi-
chiometric ratio, inflow oxygen concentration, Peclet and Reynolds
numbers, swirl ratio, inflow velocity profiles, and chamber length.
A disadvantage is that the interesting practical range for a few of
the parameters extends beyond the applicable domain for small per-
turbation theory; as a consequence, some results should be viewed
as having qualitative value rather than quantitative value. Any un-
steadiness or three dimensionality that might result from incipient
turbulence at the higher Reynolds numbers or from the inflows of
air or liquid flow is neglected.

The major assumptions and governing equations are presented
in the next section. The super-scalar approach is used to determine
the flame temperature (in the limit of infinite chemical-kinetic rate)
and surface temperature (before the field equations are solved) as
functions of the heat per unit mass transferred to the liquid surface.
The liquid-phase analysis is briefly discussed in Sec. III, in which it
is shown that, for certain cases, the liquid-phase field can be deter-
mined before the gas phase is resolved in detail. Solutions for the
axial-velocity field and gas scalar field are found in Secs. IV and V,
respectively. In Sec. VI, the solution of the tangential-velocity com-
ponent that results from the swirling inflow is addressed, whereas
in Sec. VII the analysis of the radial velocity induced by the swirl
is presented. The Stefan-flow perturbation (caused by the blowing
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effect of vaporization at the liquid/gas interface) and the effect of
the gas expansion due to chemical energy release are described in
Sec. VIII. The modification of the vaporization rate and burning
rate due to combined radial velocity is discussed in Sec. IX. Some
concluding remarks are made in Sec. X.

II. Assumptions and Governing Equations
The liquid fuel is injected along the cylindrical wall of the com-

bustion chamber and is spread in a wall film by the shearing action
of the gas. The gas flows axially but is injected with a weak swirl
component to spread the liquid film and to provide the centrifugal
effect that keeps the film on the wall. The swirl is not strong enough
in this model to create a recirculation zone.

The liquid is assumed to be a single compound, for example, hep-
tane or methanol. Consider the gas phase that is surrounded by the
liquid-fuel film to have a laminar multicomponent flow with viscos-
ity, Fourier heat conduction, Fickian mass diffusion, and one-step
oxidation kinetics. Diffusivities for all species are assumed identi-
cal, the Lewis number value is unity, radiation will be neglected,
and kinetic energy is neglected in comparison to thermal energy so
that, with regard to the energetics, pressure is considered uniform
over the space, although the pressure gradient can be significant in
the momentum balance (small Mach number). Both steady and un-
steady scenarios are discussed in the first few sections. Later, the
analysis focuses on steady flows.

The liquid-film thickness will be much smaller than the chamber
radius because the fuel mass flow rate is an order of magnitude
smaller than the airflow rate and the liquid density is orders of
magnitude larger than the gas density.

The thermal and mass diffusivities are equal so that the Lewis
number Le = 1 and ρD = λ/cp . With the one-step reaction, the var-
ious reaction rates are proportioned by the stoichiometric ratios,
ẇF = νẇO = −νẇP/(1 + ν), where ν is the stoichiometric fuel-
to-oxidizer mass ratio. The species equations governing the mass
fractions Yi become

L(Yi ) ≡ ρ
∂Yi

∂t
+ρu ·∇Yi −∇ ·(ρD∇Yi ) = ρẇi , i = F, O, P

(1)
The energy equation is written as

L(h) ≡ ρ
∂h

∂t
+ ρu · ∇h − ∇ · (ρD∇h) = −ρẇF Q + ∂p

∂t
(2)

where the sensible enthalpy h is given as

h =
∑

i

Yi

∫ T

Tref

cpi (T ′) dT ′ =
∑

i

Yi hi =
∫ T

Tref

cp(T ′) dT ′ (3)

with

cp∇T = ∇h −
∑

i

hi∇Yi (4)

We define two Shvab-Zel’dovich variables for the gas phase:
α(1) = h + νQYO and α(2) = YF − νYO . Consider now that pressure
is steady, although other variables can vary with time. Equations (1)
and (2) yield

L
(
α(1)

) = 0, L
(
α(2)

) = 0 (5)

At the outflow boundaries, the spatial normal derivatives of the
primitive variables can be set to zero in standard fashion. This as-
sumes that mixing and combustion are completed before outflow.
Therefore,

∂α(i)

∂n
= 0, i = 1, 2 (6)

where n is the coordinate measuring normal distance (positive into
the gas) from the boundary.

At the upstream inflow boundary, α(1) and α(2) each maintain
uniform but possibly time-varying values. Thus,

α(i) = α(i)
∞ (t), i = 1, 2 (7)

At the vaporizing liquid surface, the combustion product gas does
not penetrate, so that Stefan advection and diffusion balance there.
The oxidizer gas is consumed in a surrounding flame before it
reaches the liquid surface so that the oxidizer mass fraction is zero
at and near the surface. For the fuel vapor species, we have

ṁ(1 − YFs) = −ρD
∂YF

∂n

)

s

(8a)

where ṁ is the vaporization rate per unit surface area and n is the
normal coordinate. The subscript s implies conditions at the liquid
surface. In another surface condition, the energy flux from the gas to
the surface (due to combined heat conduction and energy transfer by
mass diffusion) is balanced by the combination of the heat required
for vaporization and the heat conducted to the liquid interior. When
Eqs. (4) and (8a) are used with the unitary Lewis number condition,
the surface condition becomes

∂h

∂n

)

s

= − Leff

1 − YFs

∂YF

∂n

)

s

= ṁLeff

ρD
(8b)

The effective heat of vaporization Leff combines the actual latent
heat of vaporization with the heat per unit mass conducted into the
liquid interior, Leff = L + q̇�/ṁ, where q̇� is the heat flux to the
interior per unit surface area and ṁ is the vaporization mass flux per
unit surface area.14

From Eq. (8a), we can deduce that the vaporization rate per unit
surface area is given by

ṁ = −
[

ρD

(1 − YFs)

]
∂α(2)

∂n

)

s

(9)

The following super-scalar has been contrived15 as a certain linear
combination of primitive scalar variables:

S = α(1) + [Leff/(1 − YFs)]α
(2) = h

+ ν{Q − [Leff/(1 − YFs)]}YO + [Leff/(1 − YFs)]YF (10)

Here Leff and YFs each have the same instantaneous values uni-
formly across all of the liquid surfaces in the particular configu-
ration. YFs is a function of the surface temperature Ts through the
phase-equilibrium law,

YFs = YFs(Ts) (11)

In the steady state, the time derivatives in Eqs. (1) and (2) are zero
and the parameters in boundary conditions (7) and (9) are steady.
In the quasi-steady state, the time derivatives in Eqs. (1) and (2)
are negligible compared to other terms in the equations although
parameters in boundary conditions (7) and (9) may be time varying.
The thermal behavior of the liquid may be unsteady if the surface
temperature is steady or quasi steady. Equation (10) when subjected
to Eqs. (5) and boundary conditions (6), (7), and (9) produces the
spatially uniform value

S = S∞(t) = h∞ + ν[Q − Leff/(1 − YFs)]YO∞

+ LeffYF∞/(1 − YFs) = h f (12)

where subscript f corresponds to the flame position where
YO = YF = 0. This result is valid if the primitive variables h∞, YO∞,
and YF∞ vary over the boundary provided that the linear combina-
tion S∞ is instantaneously uniform.

Two possibilities are allowed: 1) No fuel vapor exists on the
oxygen (upstream) side of the flame so that YF∞ = 0 and a pure
diffusion flame occurs. 2) Fuel vapor exists on both sides of each
flame in the configuration so that both a premixed character and
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a diffusion character exist for the flame(s). Consequently, Eq. (12)
implies that

h∞ − hs + νQYO∞
Leff

= YFS − YF∞ + νYO∞
1 − YFS

≡ B (13)

Thus, Eq. (13) defines the well-known Spalding transfer number
B for the Le = 1 case. More important, Eq. (13) together with the
enthalpy–temperature relationship h(T ) and the phase equilibrium
law YFs = YFs(Ts) serve as boundary conditions on (steady or un-
steady) heat transfer in the liquid because the effective latent heat
of vaporization, Leff = L + q̇�/ṁ f , contains the normal temperature
gradient on the liquid side of the interface.14 Equation (13) deter-
mines the surface temperature Ts and the surface mass fraction YFs

as functions of fuel properties, inflow conditions, and Leff. Coupled
with the liquid-phase heat transfer problem, Ts and YFs are abso-
lutely determined as functions of time. These surface values are
affected by the details of the configuration or of the hydrodynamics
and transport phenomena only through Leff.

In the limit of infinite reaction rate, the flame becomes a sheet of
zero thickness at which YO = YF = 0. Equation (12) then yields a
formula for the limiting flame temperature T f ,

h(T f ) = h(T∞) + ν[Q − Leff/(1 − YFs)]YO∞ + [Leff/

(1 − YFs)]YF∞ = h(Ts) + {Leff/[1 − YFs(Ts)]}YFs(Ts) (14)

For constant specific heat, the limiting flame temperature is given
by

T f

T∞
= 1 + ν

(
Q

cpT∞
− Leff/cpT∞

1 − YFs

)
YO∞ + Leff/cpT∞

1 − YFs
YF∞

= Ts

T∞
+ Leff/cpT∞

1 − YFs(Ts)
YFs(Ts) (15)

Flame temperature as well as liquid surface temperature depend on
the dynamics or configuration only through Leff . Particularly, they
depend on the inflow conditions, the fuel properties, and the heat
per unit mass transferred to the liquid.

It has been shown15 that the results of this section apply much
more broadly than to continuous combustion in a cylindrical cham-
ber.

III. Liquid-Phase Thermal Analysis
The uniformity of the super-scalar S over the gas phase does

require that Leff is instantaneously uniform over the liquid surface.
The latent heat of vaporization L is a fuel property and, therefore,
will be uniform and constant. The uniformity of the heat flux to the
interior per unit mass flux q̇�/ṁ is a more demanding requirement.
It can be satisfied in various situations.14 In one situation where the
wet-bulb temperature has been reached, q̇� = 0. In a second situation
where a thin quasi-steady thermal layer exists in the liquid near the
surface, q̇�/ṁ = c�(Ts − TO), where c� is the liquid specific heat
and To is the liquid interior temperature. Because the liquid-phase
Prandtl number is much larger than unity, we can expect the thermal
layer at the liquid surface to be much thinner than the liquid viscous
layer. Then, Leff has a uniform value in either of those two situations
and Eq. (13) together with an equation of state for h and a phase-
equilibrium law immediately yield surface values. Then, Eq. (14) or
(15) can readily give the limiting flame temperature. Furthermore,
the details of the liquid flow do not modify the magnitude of Leff in
these situations with uniform surface temperature and thin thermal
layer.

In this analysis, it shall be assumed that a thin quasi-steady ther-
mal liquid layer exists adjacent to the surface. In particular, the layer
thickness will be taken to be smaller than the liquid-film thickness,
and then the film thickness is not an interesting parameter in the heat
transfer process. Also, the details of the liquid motion are not impor-
tant for heat transfer. The solid/liquid interface can be considered
as adiabatic under this situation. Note that Leff remains constant as
the characteristic diffusion length varies with downstream distance
because q̇� varies in proportion to ṁ.

More information, beyond the scope of this analysis, about flames
in gaseous diffusion layers adjacent to vaporizing liquid films
or pools may be found in the literature.16−24 Emmons16 consid-
ered the similar solution of diffusion and reaction with forced gas
motion above a flat liquid surface without liquid motion or liquid-
phase temperature gradients. Smirnov17 extended the Emmons two-
dimensional, steady analysis and considered liquid motion and heat-
ing in a thick liquid film where the solid-wall interface played no
role. The effects of unsteady flame development, finite liquid pool
depth, surface-tension driven flow, and buoyancy in both phases
have been considered in two-dimensional,18−21 axisymmetric,22 and
three-dimensional23,24 configurations.

IV. Fluid Dynamics Analysis
Consider steady, viscous, laminar axisymmetric flow using a

cylindrical coordinate system. Swirl will be allowed. Here, u, v,
and w are the x , r , and θ components of velocity, respectively. The
continuity and momentum equations are25

∂

∂x
(ρu) + 1

r

∂

∂r
(ρvr) = 0 (16)

ρu
∂u

∂x
+ ρv

∂u

∂r
+ ∂p

∂x
= 1

r

∂

∂r

(
µr

∂u

∂r

)
+ ∂

∂x

(
µ

∂u

∂x

)

+
[

∂µ

∂x

∂u

∂x
+ ∂µ

∂r

∂v

∂x

]
+ µ

∂

∂x
(∇ · u) − 2

3

∂

∂x
(µ∇ · u) (17)

ρu
∂v

∂x
+ ρv

∂v

∂r
− ρw2

r
+ ∂p

∂r
= 1

r

∂

∂r

(
µr

∂v

∂r

)
− µv

r 2
+ ∂

∂x

(
µ

∂v

∂x

)

+ ∂µ

∂x

∂u

∂r
+ ∂µ

∂r

∂v

∂r
− 2

3r

∂

∂r
(µr∇ · u) + 2µ

3

∇ · u
r

(18)

ρu
∂w

∂x
+ ρv

∂w

∂r
+ ρvw

r
= 1

r

∂

∂r

[
µr 2 ∂

∂r

(
w

r

)]

+ ∂

∂x

(
µ

∂w

∂x

)
+ µ

∂

∂r

(
w

r

)
(19)

Note that these equations will apply in both the gas and liquid. Bulk
viscosity has been set to zero. Whereas the velocity, normal stress,
and shear stress will be continuous across the liquid/gas interface,
discontinuities in density and viscosity will occur there.

The flowfield will be considered to be a fully developed lami-
nar flow with certain perturbations. The perturbations result from
the combustion process (variations in density and temperature),
imposed swirl, Stefan convection due to liquid film vaporization,
and differences between initial conditions and the developed flow
asymptote. Although the base flow without these perturbations is
fully developed, it still differs from classical fully developed pipe
flow because of the liquid wall film. The flow can be represented as

u = u0(r) + u1(r, x) + − − −
v = v1(r, x) + − − −
w = w1(r, x) + − − −
p = p0(x) + p1(r, x) + − − −
ρ = ρ0 + ρ1(r, x) + − − −
µ = µ0(r) + µ1(r, x) + − − − (20)

where terms with subscript n ≥ 1 are considered as perturbations
to the basic fully developed flow, which is represented with sub-
script 0. The assumption of low Mach number (negligible compress-
ibility), weak swirl, and weak Stefan convection are reasonable. The
strongest assumption is the consideration of density variation due to
temperature variation as a perturbation, allowing the first approxi-
mation of density ρ0 to be a constant.

The series (20) is substituted into Eqs. (16–19) and separated ac-
cording to the order of the terms. The first approximation from
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Eq. (16) yields the result that u0 depends only on the radial
position r .

The lowest-order approximation from Eq. (17) yields that

1

r

d

dr

(
µ0r

du0

dr

)
= dp0

dx
(21)

The first approximation for the tangential velocity component results
from Eq. (19). We find that

ρ0u0
∂w1

∂x
= 1

r

∂

∂r

[
µ0r 2 ∂

∂r

(
w1

r

)]
+ µ0

∂

∂r

(
w1

r

)
+ ∂

∂x

(
µ0

∂w1

∂x

)

(22)

The next equations resulting from the separation of Eqs. (16) and
(17) plus the first approximation from Eq. (18) yield a system of
three equations governing the perturbations u1, v1, ρ1, and p1. See
Eqs. (60a–60c). An equation of state will connect ρ1 and p1. These
terms will not be considered in the lowest-order analysis. The higher-
order equations are discussed and solved later in Sec. VII.

First, a solution of Eq. (21) for u0 is developed. The viscosity will
be assumed to be constant through each phase with a discontinuity
at the interface. Both velocity and shear stress will be continuous
across the interface, whereas the normal derivative of velocity is
discontinuous. Equation (21) indicates that the radial profile of u0

is a parabola in each phase. It also implies that the pressure gradient
∂p0/∂x is a constant. The combustor chamber has constant radius
R, whereas the liquid/gas interface has radius Ri . Because the liquid
film thickness is much smaller than the radius Ri , the value Ri can be
assumed constant from the gas-phase perspective. In fact, Ri ≈ R.
However, the variation of Ri is significant from the liquid-phase
perspective. Equation (21) is subject to a no-slip condition at the
wall (r = R), a symmetry condition at r = 0, continuous velocity at
r = Ri , continuous shear stress at r = Ri , and continuous pressure
at r = Ri . The result is that

u0 =
[

R2
i

(
1 − µ�

µg

)
− R2 + µ�

µg
r 2

]
1

4µ�

dp0

dx
(23a)

for 0 ≤ r ≤ Ri and

u0 = (r 2 − R2)
1

4µ�

dp0

dx
(23b)

for Ri ≤ r ≤ R (liquid phase). Note that the pressure gradient will be
negative while the velocity is positive. Also, as Ri → R, Eq. (23a)
yields the well known single-phase result for fully developed pipe
flow.
The centerline velocity is given by

uc = u0(0) =
[

R2
i

(
1 − µ�

µg

)
− R2

]
1

4µ�

dp0

dx
(24)

Equations (23a) and (23b) can be nondimensionalized,

u0/uc = 1 − ε2r̃ 2 (25a)

for 0 ≤ r̃ ≤ Ri/R, and

u0

uc
= 1 − r̃ 2

1 − (1 − µ�/µg)(R1/R)2
= ε2 µg

µ�

(1 − r̃ 2) (25b)

for Ri/R ≤ r̃ ≤ 1, where r̃ ≡ r/R, and

ε2 ≡ µ�/µg

1 − (1 − µ�/µg)(Ri/R)2
(25c)

The parabolic profile is characteristic of a fully developed laminar
flow in the gas core. We shall also examine a case where the core
gas flow is represented as a plug flow; this represents a situation

where the flow is just beginning to develop (or a less practical sit-
uation where the liquid viscosity is negligible). It is characterized
by ε = 0, which implies that the gaseous viscous layer at the liquid
surface is very thin, that is, large gas-phase Reynolds number for
the developing flow, and/or the liquid viscosity is negligible, that is,
large liquid-phase Reynolds number. The approximation given by
Eq. (21) does not apply in this limit; the gas-phase pressure drop be-
comes negligible. The core flow in this plug-flow limit has a flat pro-
file that matches the inflow profile. Here ε = 1 is the limit where the
liquid-film thickness is negligible. For the calculations in this paper,
r̃i = 0.98 is taken. The viscosity ratio is taken as µ�/µg = 2.21631
so that, for the parabolic-velocity-profile calculations, ε = 1.01105
is obtained from Eq. (25c).

V. Scalar Analysis
Consider now the solutions for gas temperature and mass fractions

for the Le = 1 condition. The super-scalar S given by Eq. (10) can be
determined as indicated earlier. Consistent with the neglect of Stefan
convection, the factor (1 − YFs) in boundary conditions (8) and (9)
and in the denominators of Eq. (10) is replaced by one. If Eq. (5)
is solved for the second Shvab-Zel’dovich variable α(2), knowledge
of S will immediately yield α(1). Then, assuming infinite chemical
kinetic rate, we can determine temperature and mass fractions.

For convenience, we will add a constant to α(2) and then normalize
it so that it becomes zero at the liquid interface and has unitary value
at the inflow,

α =
[
YF − νYO − YFS

]

[−νYO∞ − YFs]
(26)

Recall that YFs and Ts can be determined a priori as already in-
dicated. The value of α at the flame will be given by setting the
oxidizer and fuel-vapor mass fractions in Eq. (26) to zero. Then,
α f = YFS /[νYO∞ + YFs]. Thus, whereas the line for any particular
value of α for a contour plot in the r–z plane does not depend on
the specific fuel or oxidizer, the particular line that gives the flame
position in the limit of infinite kinetics does depend on the choice
of fuel and oxidizer. The contours of the primitive variables such
as temperature and mass fraction will also depend on the fuel and
oxidizer.

Equation (5) can be recast in steady axisymmetric form using
the cylindrical coordinates and the lowest approximations from
Eq. (20). Here uc and R are used to nondimensionalize time and
space coordinates. The diffusivity D is considered to be constant.
The lowest-order approximation for α is given by

Pe(1 − ε2r̃ 2)
∂α

∂ x̃
= 1

r̃

∂

∂ r̃

(
r̃
∂α

∂ r̃

)
+ ∂2α

∂ x̃2
(27)

where the Peclet number is given by Pe = uc R/D. Solutions will be
sought using eigenfunction expansions. Separation of the variable
α yields

α = 	(r̃)e−kx̃ (28)

where 	 is governed by the ordinary differential equation

	′′ + (1/r̃)	′ + λ2
(
1 − ε2

∗r̃ 2
)
	 = 0 (29)

The boundary conditions on Eq. (29) are that 	(r̃i ) = 0 and
the solution remains finite everywhere. Here λ2 ≡ Pe k + k2, or,
taking only the positive value, k = 1

2 (Pe2 + 4λ2)
1
2 − 1

2 Pe. Also,
ε∗ = ε/(1 + k/Pe)

1
2 . A Peclet number value that is large compared

to unity implies that axial diffusion is dominated by both axial ad-
vection and radial diffusion. As Pe → ∞, the finite ε∗ becomes
independent of Peclet number and Eq. (29) and its boundary condi-
tions indicate that 	 and λ become independent of Peclet number.
For ε = 0, 	 and λ are independent of Peclet number for any Peclet
number value. Then, for Pe → ∞ and for any ε value, k = λ2/Pe,
and Eq. (28) indicates that the dependencies of α on x̃ and Peclet
number collapse to an exponentially decaying dependence on x̃/Pe.
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When ε = 0, Eq. (29) becomes Bessel’s equation of zero order.
This limit can be used when a plug flow is considered; the value
of uc in the nondimensionalization scheme should be replaced by
the uniform velocity given by u0. Graetz has solved heat and mass
transfer problems of this type for both fully developed single-phase
flow, ε = 1, and plug flow, ε = 0. Review of the Graetz work and re-
lated works by Nusselt and others may be found in Refs. 26 and 27.
The current work differs from Graetz’s work primarily through the
effect of the liquid wall film and secondarily through the inclusion of
diffusion in the main flow direction as well as in the lateral direction.
Prior workers have extended the Graetz problem to include multidi-
rectional transport.27 Note ε = 0 with finite Peclet number implies
that the viscous flow is completely undeveloped dynamically but
the scalar diffusion layer is developing.

Equation (29) has a regular singular point at r̃ = 0. Two series so-
lutions can be found; one is analytic and the other has a logarithmic
singularity at the origin. We discard the second solution because
the solution is constrained to remain finite. The recursive relation
for the coefficients in the analytic series connects three sequential
coefficients. A simpler recursive relation connecting only two co-
efficients is found via transformation of the dependent variable by
extracting an exponential term. Equation (29), with the conditions
that the solution becomes zero at the liquid interface (r̃ = Ri/R) and
remains finite in the domain, presents a Sturm–Liouville problem
(see Ref. 28) when ε∗ has a uniform value for all n. Thus, an infinite
number of eigenfunctions and eigenvalues are produced, namely,

	n(η, βn) = exp

(
−βnη

2

4

) ∞∑

m = 0

a2m(βn)η
2m (30a)

where

a2m(βn) = (− 1
4

)m
{

m − 1
π

p = 0
(1 − 2pβn)/[m!]2

}
(30b)

with a0 = 1 so that 	n(0, βn) = 1. The definitions have been made
that

η ≡ 2ε∗
√

1 + βnr̃

βn

βn ≡ 1

/(
λn

2ε∗
− 1

)
= 1

/(√
Pekn + k2

n

2ε∗
− 1

)
(30c)

where n is a positive integer, varying from one to infinity. The sub-
script n is now used for both λ and k.

The values of βn are determined by finding the points where the
undulating function 	 becomes zero for r̃ = Ri/R. Then βn values
are given by

exp

[
−ε2

∗∗(1 + βn)

βn

] ∞∑

m = 0

a2m(βn)

[
2ε∗∗

√
1 + βn

βn

]2m

= 0 (31)

where

ε∗∗ = ε∗

(
Ri

R

)
= ε(Ri/R)

(1 + kn/Pe)
1
2

(32)

For the case where Pe � 1, the dependence of ε∗∗ or ε∗ on kn is weak.
Nevertheless, because kn depends on βn through λn , an iterative so-
lution of Eqs. (30c), (31), and (32) is required. The Sturm–Liouville
theory guarantees the generation of a complete orthogonal set of
functions only when ε∗ is independent of n (see Refs. 28 and 29).
Equation (32) shows that with finite ε this occurs when Peclet num-
ber becomes infinite. We shall consider that the Peclet number is
at least an order magnitude greater than any interesting nondimen-
sional wave number. Consequently, we assume that the expansion of
a function in a series of the eigenfunctions given by Eq. (30) is a de-
cent approximation for large Peclet number. For a thin liquid heptane
film (r̃i = 0.98), we find that ε = 0.97. Thus, with Pe = 1000, we
obtain the eigenvalues listed in Table 1. For the large value of Peclet

Table 1 Eigenvalues: λn for Pe = 1000

n λn n λn

1 2.75373 27 107.68062
2 6.78922 28 111.68058
3 10.84194 29 115.67670
4 14.89643 30 119.66894
5 18.95072 31 123.65717
6 23.00428 32 127.64133
7 27.05682 33 131.62132
8 31.10819 34 135.59706
9 35.15826 35 139.56851
10 39.20687 36 143.53556
11 43.25389 37 147.49818
12 47.29918 38 151.45629
13 51.34261 39 155.40984
14 55.38403 40 159.35876
15 59.42332 41 163.30302
16 63.4603 42 167.24256
17 67.4949 43 171.17740
18 71.5270 44 175.10739
19 75.5564 45 179.03259
20 79.5830 46 182.95296
21 83.60669 47 186.86856
22 87.62729 48 190.77930
23 91.64475 49 194.68468
24 95.65893 50 198.58548
25 99.66970 51 202.47377
26 103.67697 52 206.34955

number in this calculation, the dependence of the numbers in the
table on Peclet number is very weak. Note that other researchers30,31

have developed a complete orthogonal set of eigenfunctions from
Eq. (27) for a related problem that differs from the present problem
in terms of the boundary conditions. For their problem, they obtain
both positive and negative values of the eigenvalue kn . Unlike our
problem, they do have interest in the solution behavior upstream of
the plane x̃ = 0.

When ε = 0, 	n = J0(λnr̃), which is the Bessel function of the
first kind and zero order. Equation (29) and its boundary conditions
do form a Sturm–Liouville problem for any Peclet number value in
this ε = 0 limit.

Once the values of βn are known, the functions 	n can be deter-
mined, and the general solution to Eq. (27) that satisfies the boundary
conditions at the liquid interface is

α = [YF − vYO − YFs]

[−vYO∞ − YFs]
=

∞∑

n = 1

cn	n(r̃) exp(−kn x̃) (33)

Again, this is strictly true only when ε∗ is constant, independent of
n, for example, for infinite Peclet number or for ε = 0. Otherwise,
Eq. (33) is an approximation because a complete orthogonal set is not
guaranteed. As given by Eq. (30), 52 eigenfunctions are substituted
into Eq. (33) for the calculations of the scalar variables; this gives a
decent approximation to the infinite sum.

The values of cn will be determined from the inflow conditions.
Note that the flame will lie along the surface where the right side
of Eq. (33) equals YFs/[vYO∞ + YFs]. From Eqs. (10) and (12), it
follows that

(h − h∞)/Q = [1 − (Leff/Q)/(1 − YFs)](YO∞ − YO)

+ [(Leff/Q)/(1 − YFs)](YF∞ − YF ) (34)

Here, the subscript ∞ implies prescribed inflow conditions at x̃ = 0.
Equation (34) together with the phase-equilibrium law allows the
determination of the temperature and the fuel vapor mass fraction
at the liquid/gas interface without solving the gas flowfield first.
Equation (34) includes the effect of Stefan convection at the inter-
face in an exact fashion; however, Stefan convection in the partial
differential equations governing the gas-phase behavior will be in-
troduced in an iterative manner. That is, in this section, the Stefan
convection has been neglected in Eq. (27). Its effect will be treated
as a perturbation to the solution in Sec. VIII.
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On the fuel side of the diffusion flame, YO = 0, whereas, on the
oxidizer side, YF = 0; thus, the values of YF and YO are directly
determined from Eq. (33). Equations (33) and (34) also apply for
the case where some fuel vapor is combined with the inflowing ox-
idizer in a lean mixture. Then, a premixed flame exists upstream of
the diffusion flame. Analysis of the premixed flame structure and
propagation speed is necessary to resolve that phenomenon; a depen-
dence on the chemical kinetic rate will occur. We will not consider
that case here, so that YF∞ = 0 may be taken in Equation (34).

Classical Sturm-Liouville theory (see Refs. 28 and 29) yields that
the coefficients

cn =
∫ R1/R

0

(
r̃ − ε2

∗r̃ 3
)
α(r̃ , 0)	n(r̃) dr̃

/

∫ R1/R

0

(
r̃ − ε2

∗r̃ 3
)
	2

n(r̃) dr̃ (35)

with α(r̃ , 0) = 1. Here, we will only consider the case where inlet
condition α(r̃ , 0) is uniform over the cross-sectional area of the inlet
so that α may be taken outside of the integral in Eq. (35).

The eigenfunction-expansion analysis here is rigorous in the two
limits where the Sturm–Liouville problem has been created. In the
limit of infinite Peclet number, the axial heat conduction disappears
and ε∗ = ε. Previous investigators of the Graetz problem have re-
ported that Pe > 50 (based on diameter) is sufficient to neglect axial
heat conduction. In the other limit, the parabolic velocity profile is
replaced by a plug-flow profile. Then, with ε∗ = 0 as noted before,

	n = J0(λnr̃) (36a)

Furthermore, in that case,

cn = 2/(λn Ri/R)J1(λn Ri/R) (36b)

where J1 is the Bessel function of the first kind and first order. The
eigenvalues λn are determined by J0(λn Ri/R) = 0. The signs of
J1(λn Ri/R) and cn will alternate as the integer index n increases.

For the case where ε 
= 0, the integrals in Eq. (35) can be readily
evaluated with substitution of the series given by Eq. (30) and with
use of the quadrature

∫
xq e−x dx = −e−x (q!)

q∑

� = 0

x�

�!

where q is any positive integer or zero. Then we find that

cn = 2

{ ∞∑

q = 0

(−1

βn

)q



q − 1
p = 0(1 − 2pβn)

q!

[
G̃n(q) − β2

n (q + 1)

βn(1 + βn)

× G̃n(q + 1)

]/ ∞∑

q = 0

Fn(q)
q!

(βn/2)q

[
Gn(q) − β2

n (q + 1)

2βn(1 + βn)

× Gn(q + 1)

]}
(37a)

Furthermore, we have the definitions

Fn(q) ≡
q∑

m = 0

a2ma2(q − m) (37b)

Gn(q) ≡ 1 − exp

(
−βnγn

2

) q∑

� = 0

(
βnγn

2

)�
1

�!
(37c)

G̃(q) ≡ 1 − exp

(
−βnγn

4

) q∑

� = 0

(
βnγn

4

)�
1

�!
(37d)

and

γn ≡ [
4ε2(1 + βn)

/
β2

n

]
(Ri/R)2 (37e)

In the calculation of the coefficients cn in Eq. (37a), the infinite limit
on the summations are approximated through the finite limit qmax.
The functions G(q) and G̃(q) will decrease with increasing q and
theoretically will go to zero rapidly enough to cause convergence of
the outermost sums in the numerator and denominator of Eq. (37a).
In a practical computation, they reach a minimum value of the order
of 10−16 and oscillate with that order of magnitude for increasing
q. Thus, the cn values will appear converged for a range of qmax

values but will begin to vary as qmax is increased above that range as
a result of the numerical errors associated with values of G(q) and
G̃(q) that become too large for larger q values. A larger value of the
index n results in the converged range of qmax occurring at higher
values. Consequently, care was taken in choosing the qmax value to
obtain convergence without causing the numerical error resulting
from too large a value.

The local nondimensional vaporization rate per unit area can be
determined as a function of downstream position by using the com-
bination of Eqs. (8a), with the neglect of Stefan convection, and
solution (33). The result is

ṁ R

ρD
= −[vYO∞ + YFs]

∞∑

n = 1

cn	
′
n(r̃i ) exp(−kn x̃) (38)

Furthermore, differentiation of Eq. (30a) followed by substitution
into result (38) and use of (31) yields

ṁ R

ρD
= − 2

r̃i
[vYO∞ + YFs]

∞∑

n = 1

[
cn exp(−kn x̃)ηi exp

(
−βnη

2
i

4

)

×
∞∑

m = 1

ma2mη2m − 1
i

]
(39)

Integration of Eq. (39) over the axial coordinate and the circumfer-
ence gives the total nondimensional vaporization rate over the liquid
surface,

2π Ri

ρD

∫ L/R

o

ṁ dx̃ = 4π [vYO∞ + YFs]
∞∑

n = 1

{
cn

kn

[
exp

(
− kn L

R

)

− 1

]
ηi exp

(
−βnη

2
i

4

) ∞∑

m = 1

ma2mη2m − 1
i

}
(40)

In the plug-flow limit of ε = 0, use of Eqs. (36) together with Eq. (38)
yields that

ṁ R

ρD
= 2

r̃i
[vYO∞ + YFs]

∞∑

n = 1

exp(−kn x̃) (41a)

2π Ri

ρD

∫ L/R

o

ṁ dx̃ = 4π [vYO∞ + YFs]
∞∑

n = 1

1 − exp(−kn L/R)

kn

(41b)

The major effect of fuel choice on vaporization effect comes through
the parameter vYO∞ + YFs in Eqs. (38–41). A very minor influence
occurs for the case with parabolic-velocity profile through the liquid
viscosity which affects βn and kn through Eqs. (25c), (30c), (32), and
(33) and, thereby, has the small influence on the vaporization rates
given by Eqs. (39) and (40). Later, we shall discuss the effects of
higher-order hydrodynamics (swirl-induced radial velocity, Stefan
flow, and gas expansion) on the vaporization rate.

Figure 1 shows solutions of Eqs. (33) and (35) for a Pe = 500 and
for a base flow with parabolic axial-velocity profile, that is, ε 
= 0.
The solution for the scalar α does not depend on the choice of fuel;
however, the contour value designating the thin-flame contour does
depend on the fuel and oxidizer and the liquid temperature. The
dashed line shows the flame contour for the heptane film at a bulk
temperature of 298 K vaporizing into the gas stream with air as the
inflowing gas. The α value decreases with an increase in the value
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Fig. 1 Parabolic axial velocity profile α contours, Pe = 500: – – –,
heptane-flame contour.

Fig. 2 Parabolic velocity profile α contours, Pe = 1000: – – –, heptane-
flame contour.

of the radial coordinate or of the axial coordinate. An increase of
the Peclet number results in the relocation farther downstream of a
contour curve representing a given value of the scalar. See Fig. 2
for the case where Pe = 1000. In fact, for Peclet number of 750
and above, the results essentially collapse to a function of r̃ and
x̃/Pe, as noted earlier. More terms in the series solution of Eq. (33)
are required for a converged solution as x̃ becomes smaller. Thus,
we find some error in the contours for values of x̃/Pe < 0.003.
For this small region, especially at higher r̃ values, 52 terms in the
summation of Eq. (33) did not give convergence. These contours do
not depend on the particular fuel that is used or the liquid interface
temperature because the scalar in Eq. (33) goes to zero value at the
liquid interface. The value of α at the flame position will depend
on the choice of fuel and the liquid interface temperature. Figure 3
shows results for the plug-flow limit. Again, the results collapse to
a function of r̃ and x̃/Pe only for large Peclet number; the results
for Pe = 100 and 500 are essentially superimposed. The results are
qualitatively similar to the parabolic profile results, but for a given
value of α, the contour line extends farther downstream. This can
be expected because, for the same Peclet number, the plug flow has
a greater average velocity than the parabolic flow.

The flame position for heptane fuel at a bulk temperature of 298 K
is shown in Fig. 4 at three different Peclet numbers under the as-
sumption of infinite chemical kinetic rate so that a flame of zero
thickness results. As expected, the flame moves farther downstream
with increasing Peclet number. At Pe = 500, the combustion is com-
pleted at approximately 12.5 diameters length as indicated by the
flame collapsing to a point on the axis. The results for Pe = 750 and
1000 superimpose when plotted vs x̃/Pe. If relatively high mass
flows and relatively short chamber lengths are desired, it is clear
that the effective diffusivity must be increased (and the effective

Fig. 3 Flame contour, parabolic velocity profile.

Fig. 4 Plug flow α contours.

Fig. 5 Temperature contours (degrees Kelvin), parabolic axial velocity
profile, Pe = 500, heptane.

Peclet number must be reduced) through the generation of vortices
or turbulence.

Temperature and mass fraction profiles for heptane with Pe = 500
are presented in Figs. 5 and 6. Peak temperature occurs at the flame
with fuel vapor and oxidizer (air) each existing on only one side of
the flame with both mass fractions decreasing with radial distance
from the flame and going to zero values at the flame. For large
Peclet number, the results for temperature and mass fraction will
superimpose when plotted against x̃/Pe.

Figure 7 shows the changes in flame position due to change in the
initial fuel temperature or change in fuel to methanol. Clearly, the
heptane case leads to faster vaporization and shorter flame length,
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Fig. 6 Contours of oxidizer and fuel-vapor mass fractions, parabolic
axial velocity profile, Pe = 500, heptane.

Fig. 7 Nondimensional flame position for change in fuel or initial fuel
temperature, Pe = 500, parabolic axial velocity profile.

Fig. 8 Nondimensional (local and integrated) vaporization mass rates
vs film length for heptane, Pe = 500, parabolic axial velocity profile.

whereas a change in the initial fuel temperature has little effect. In
Fig. 8, we show vaporization mass flux per unit area and integrated
vaporization mass flux vs downstream distance for heptane with
Pe = 500. The total, that is, integrated, vaporization rate is roughly
proportional to Peclet number because the film length is determined
to maintain stoichiometric proportions, whereas the air-inflow rate
scales with Peclet number. Figure 9 shows an important implication
of the integrated vaporization rate. Lflame is the downstream position
at which combustion is completed, that is, it is the value of the x po-
sition where the flame crosses the axis of symmetry. As expected, it
increases roughly linearly with increasing Peclet number at larger

Fig. 9 Nondimensional flame length and stoichiometric liquid-film
length vs Peclet number, parabolic axial velocity profile.

Fig. 10 Nondimensional total vaporization rates for methanol and
heptane vs downstream position at various Peclet number values,
parabolic axial velocity profile.

Peclet number values. Furthermore, a greater distance is required
for the less volatile fuel, methanol, than for heptane. L∗ is the fuel-
film length required to vaporize at an integrated rate that matches,
in stoichiometric proportion, the inflow of air. It is seen in Fig. 9
that L∗ < Lflame for Pe = 10 or greater. A careful examination of the
data indicates that the dependence of L∗ on Peclet number is sub-
linear; that result is qualitatively in agreement with boundary-layer
theory, which predicts a square-root dependence. The implication
of the linear and sublinear dependencies is that a crossing of the
curves will occur, but apparently, it happens for a very small Peclet
number value. The result implies that, to protect the chamber wall
for the full length needed to complete combustion, the fuel must
be supplied in excess of stoichiometric mixtures. An alternative op-
tion not explored here is to mix the fuel with a less volatile inert
liquid, for example, alcohol and water, to get the wall coverage for
heat protection without exceeding stoichiometric proportions sig-
nificantly, or the inert liquid could be applied to the chamber walls
just downstream of the end of the fuel film. Also, the addition of
turbulence or vorticity in the gas can create a larger value of the
effective diffusivity. Qualitatively, this is similar to decreasing the
value of Peclet number, implying that the increased transport rates
will shorten the required lengths for completion of vaporization and
combustion. As noted earlier, an error in the use of the eigenfunction
expansion increases as Peclet number becomes smaller.

Figure 10 is an extension of the results of Fig. 8 for the integrated
vaporization rate to other Peclet numbers and shows data for both
heptane and methanol. Integrated vaporization rates increase with
increasing Peclet number, and methanol vaporizes at a slightly lower
rate than heptane. The longer required lengths for film vaporization
and completion of combustion for methanol appear to be primarily
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caused by the greater amount of methanol-vapor mass flux than
heptane-vapor mass flux needed for a given air mass flow to maintain
a stoichiometric proportion.

Generally, at this time, only qualitative comparisons with exper-
iments can readily be made. Currently, there are no experimental
measurements of gas-phase and liquid-phase temperature and ve-
locity and gas-phase concentrations inside a liquid-film combustor.
There are some measurements10,12,13 of wall temperatures and exit
temperatures. The wall temperatures are below the liquid boiling
point, in agreement with the theory, indicating that the liquid is in-
sulating the wall. The exit-temperature measurements reinforce the
clear visual observation that combustion of all of the fuel does not
occur within the combustor; the flame is continued beyond the cylin-
der exit for the Peclet numbers tested. That is, for the higher values
of Pe, L∗ < Lflame as predicted by the calculations shown in Fig. 9.
Some unpublished results indicate that, in certain flow rate ranges,
overall flame length can decrease as air and fuel flow rates increase.
It is likely that vorticity generation is increasing sufficiently with
increasing flow rate so that the effective diffusivity increases and the
effective Peclet number decreases, thereby decreasing flame length
as indicated by Fig. 9.

The results indicate that the liquid-film combustion is feasible;
although for this simple laminar flow, the required chamber length
is an order of magnitude larger than the diameter. This indicates a
need to impose swirl and/or vortex generation to increase transport
rates and thereby reduce the required chamber length. In the next
section, the effect of swirl imposed on the inflow is considered as
a perturbation to the base flow. Similarly, perturbations to this base
flow due to the Stefan velocity and the density variation are evaluated
in a later section.

VI. Swirling Flow Perturbation
The tangential velocity component is described by Eq. (22). Con-

sider that the tangential velocity can be represented in a separable
form as

w1(r̃ , x̃) = ucWn(r̃) exp(−kn x̃) (42)

where the nondimensional eigenvalue kn differs from the values
found in the scalar analysis and the Reynolds number Re is given
by

Re ≡ ρ0uc R/µ0 (43)

Whereas the base axial flow is developed, the tangential velocity
field is developing, and therefore, the Reynolds number Re value is
important. Also, the variable ζ is defined so that

u0 = uc[1 − ζ(r̃)] (44a)

Note that ζ is the nondimensional velocity defect (uc − u0)/uc =
ud/uc. Furthermore, for 0 ≤ r̃ ≤ Ri/R,

ζ = ε2r̃ (44b)

and for Ri/R ≤ r̃ ≤ 1,

ζ = 1 −
[

1 − r̃ 2

1 − (1 − µl/µg)(Ri/R)2

]
(44c)

Then, we can obtain the ordinary differential equation for Wn by
substituting Eq. (42) into the nondimensional form of Eq. (22),

d

dr̃

[
r̃

dWn

dr̃

]
− Wn

r̃
+

[
Re(1 − ζ )

δ
kn + k2

n

]
r̃ Wn = 0 (45)

where δ is defined with unity value in the gas, whereas δ = µl/µg

in the liquid.
Equation (45) does not meet the Sturm–Liouville form for two

reasons. First, the appearance of k2
n in the coefficient destroys the

standard form. (However, in the limit of large Reynolds number or
in the limit of small ε, this is not significant.) Second, the discon-
tinuity in the first derivative at the gas/liquid interface cannot be

tolerated. This problem can be overcome by a transformation of the
independent variable. For the axial flow, the shear stress is given by

τ = µ
∂u0

∂r
= −µ

∂ud

∂r
(46)

From Eq. (21), τ is found to be linear in the radial position and pro-
portional to the pressure gradient. Most important, it is continuous
across the liquid/gas interface even though the velocity gradient is
discontinuous. If we transform the independent variable from r to
ud for the case of nonzero ε value, it follows that

dWn

dr
= − τ

µ

dWn

dud
=

(
− 1

2µ

dp0

dx

)
dWn

dud
(47a)

The first derivative with respect to the velocity defect is continuous
at the interface; therefore, a Sturm–Liouville form can be created.

In nondimensional terms, ζ becomes the independent variable
(rather than r̃ ) yielding

dWn

dr̃
= dζ

dr̃

dWn

dζ
= 2ε2

δ
r̃

dWn

dζ
(47b)

Equation (45) can now be written as

d

dζ

(
r̃ 2 dWn

dζ

)
+ δ

(2ε2)2

[
(1 − ζ )kn Re + δk2

n − δ

r̃ 2

]
Wn = 0 (48)

The discontinuity in δ will result in a discontinuity of the second
derivative at the liquid/gas interface. Because Wn and its first deriva-
tive are continuous, the Sturm–Liouville form is still obtained in the
limit of infinite Reynolds number.

Equation (48) guides us in the choice of the proper weighting
factors in integrals to determine coefficients in eigenfunction expan-
sions. We are still allowed to use either Eq. (45) or (48) in generating
the eigenfunctions. We choose the former here. First, we solve for
Wn in the region 0 ≤ r̃ ≤ Ri/R where δ = 1. It is convenient to set

r̄ =
√

2ε(kn Re)
1
4 r̃ , Wn = φn exp(−r̄ 2/4)

λn = (√
kn Re/2ε

)
(1 + kn/Re) (49)

Then, Eq. (45) can be written for 0 ≤ r̃ ≤ Ri/R or 0 ≤ r̄ ≤ √
2ε

(kn Re)1/4 Ri/R and n equal to any positive integer as

d2φn

dr̄ 2
+

(
1

r̄
− r̄

)
dφn

dr̄
−

(
1 + 1

r̄ 2

)
φn + λnφn = 0 (50)

where r̄ = 0 is a regular singular point. Casting away the solution
with a logarithmic singularity, we obtain for the gas region

φn = r̄ +
∞∑

m = 1

πm
p = 1[(2p − λn)/4]

m!(m + 1)!
r̄ 2m + 1 (51a)

Wn = (kn Re)
1
4√

8ε

[
r̄ +

∞∑

m = 1

πm
p = 1[(2p − λn)/4]

m!(m + 1)!
r̄ 2m + 1

]
exp

(
− r̄ 2

4

)

(51b)

The constant (kn Re)
1
4 /

√
8ε is designed to make Wn equal to the

Bessel function J1[
√

(kn Re)r̃ ] in the limit as ε tends to zero. Now,
let us consider the liquid region. For that domain, it is convenient to
seek a series solution in powers of ξ = 1 − r̃ 2. Note that

ζ = 1 − (ε2/δ)ξ

Equation (48) now becomes

d

dξ

(
(1 − ξ)

dWn

dξ

)
− Wn

4(1 − ξ)
+ �n

[
ξ + �n

(
δ

Reε

)2]
Wn = 0

(52)
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where

�n ≡ kn Re(ε/2δ)2

A boundary condition at the wall, r = R (r̃ = 1 or ξ = 0), is that
Wn = 0 due to the no-slip condition. Here ξ = 0 is an ordinary point,
and a two Taylor series solution can be constructed for Wn in powers
of ξ . Because of the no-slip condition, the constant before one of the
solutions is set to zero and the other solution becomes the general
solution. In particular,

Wn = c̄n

∞∑

m − 1

bmξm = c̄n

[
ξ + 1

2
ξ 2 + 1 − αn

3
ξ 3

+
(

1

4
− αn

3
− β

12

)
ξ 4 + − − −

]
(53)

where

αn ≡ (
k2

n − 1
)/

8, β ≡ [Re(ε/δ)2 − 1]/4

The recursive relation for bm is

bm + 2 = m + 1

m + 2
bm + 1 − 2αnbm

(m + 2)(m + 1)

− βbm − 1

(m + 2)(m + 1)
+

∑m − 2
p = 0 bp

4(m + 2)(m + 1)
(54)

Equations (51) and (53) can be used to match the velocity and shear
stress across the interface. That is, Wn and µdWn/dr̃ are continuous
across the interface. Two relations are yielded that determine kn and
c̄n values. For thin liquid films, the relations determining kn can be
simplified.

From Eq. (53), it follows that, for small ξ values within the liquid,

1

Wn

dWn

dr̃
= −2r̃

ξ
+ O(1)

Thus, a linear approximation relating Wn and dWn/dr̃ within the gas
at Ri can be obtained and used as a boundary condition on Eq. (45).
That is,

dWn

dr̃

)

gas,Ri /R

= −2µ�

µg

Ri R

R2 − R2
i

Wn

(
Ri

R

)
(55)

Note that the value of Wn in Eq. (55) will depend on the film thick-
ness; Wn goes to zero as R − Ri goes to zero. Because the thickness
varies with downstream position, an average value must be used in
Eq. (55) to allow separation of variables. Substitution of Eq. (51)
into Eq. (55) yields a relationship that determines the eigenvalues
kn (or λn),

1 + 1

2

µg

µ�

R2 − R2
i

R2
i

+ 1

4

∞∑

m = 1

({
µg

µ�

(
R2 − R2

i

)

R2
1

[m − λn − (λn/2m)]

(m − 1)!

+ 2m − λn

m!

}
πm−1

p = 1[(2p − λn)/4]

(m + 1)!
r̄ 2m

i

)
= 0 (56)

Note that, when m = 1,

π 0
p = 1[(2p − λn)/4] ≡ 1

We can now obtain a general solution of the form

w1

uc
=

∞∑

n = 0

cn Wn exp(−kn x̃) (57a)

where cn can be determined from the profile of w1/uc for inflow at
x̃ = 0. That is,

cn =
∫ Ri /R

0

[
(Re + kn)r̃ − Reε2r̃ 3

]
Wn(w1/uc)

)
x̃ = 0

dr̃
∫ Ri /R

0

[
(Re + kn)r̃ − Reε2r̃ 3

]
W 2

n dr̃
(57b)

Note that Eqs. (57a) and (57b) are only exact in the limit where
Re → ∞ and Re + kn → Re so that the eigenfunction expansion
becomes valid. Otherwise, they only give an approximation.

In the limit Re → ∞, Eq. (45) and its boundary condition pro-
vided by Eq. (55) together with Eq. (49) indicate that Wn becomes
independent of Reynolds number and kn becomes inversely propor-
tional to Reynolds number. Then, Eq. (42) can show that the x̃ and
Reynolds number dependencies appear only through the variable
x̃/Re. Consider now, as one example, the inflow profile

w1

uc

)

x̃ = 0

= �(r̃ − ar̃ 3) (58a)

which is zero at r̃ = 0, increases with r̃ until a maximum is reached,
and then decreases with further increase of r̃ . Equation (58a) is made
to satisfy the interface condition given by Eq. (55) so that

a = 1 − (Ri/R)2 + 2(µ�/µg)(Ri/R)2

3(Ri/R)2 − 3(Ri/R)4 + 2(µ�/µg)(Ri/R)4
(58b)

We shall take � = 1 in Eq. (58). For this inflow profile, it can be
shown that

cn =
(

2λn√
kn Re

I3,n − aλn

εkn Re
I4,n − 1

2
√

kn Re
I4,n + a

4εkn Re
I5,n

)/

(
λn I1,n − 1

4
I2,n

)
(59)

where

I1,n =
∞∑

q = 0

F1,n(q)G1,n(q + 1)H1,n(q + 1)

I2,n =
∞∑

q = 0

F1,n(q)G1,n(q + 2)H1,n(q + 2)

F1,n(q) ≡
q∑

m = 0

amaq − m

a0 ≡ 1; am ≡ πm
p = 1[(2p − λn)/4]

m!(m + 1)!

G1,n(q) ≡ 1 − exp

(
− r̄ 2

i

2

) q∑

� = 0

r̄ 2�
i /2�

�!

H1,n(q) ≡ 2q(q!)

I3,n ≡ 8
∞∑

q = 0

F̃1,n(q)G̃1,n(q + 1)

I4,n ≡ 32
∞∑

q = 0

[q + 2]F̃1,n(q)G̃1,n(q + 2)

I5,n ≡ 128
∞∑

q = 0

[q + 2][q + 3]F̃1,n(q)G̃1,n(q + 3)

F̃1,n(q) ≡ π
q
p = 1(2p − λn)

q!

When q = 0, F̃1,n = 1,

G̃1,n(q) ≡ 1 − exp

(
− r̄ 2

i

4

) q∑

� = 0

r̄ 2�
i /4�

�!

Equations (49) and (59) show that cn becomes independent of
Reynolds number for large values of Reynolds number.
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Fig. 11 Contours of nondimensional tangential velocity component
(normalized by axial centerline velocity component) for Re = 1000,
parabolic axial velocity profile.

Fig. 12 Contours of normalized radial pressure gradient for Re = 1000,
parabolic axial velocity profile.

Figure 11 presents the nondimensional tangential velocity com-
ponent, whereas Fig. 12 presents the nondimensional radial pressure
gradient that results from the imposed swirl. Figure 11 shows that
the magnitude of the tangential component decays with downstream
distance, although the radial profile is roughly similar to the imposed
profile at x̃ = 0. The value of the maximum in the radial profile de-
creases substantially with increasing downstream distance, whereas
the radial location of the maximum value changes very slightly.
There are also slight decreases in the tangential velocity values at
the liquid interface and at the centerline with increasing downstream
distance. In Fig. 12, we find that the radial pressure gradient has the
same qualitative features as the tangential velocity, although quan-
titative differences do exist resulting in the inducement of a radial
velocity component as will be discussed in the next section. The
peak in the radial pressure gradient occurs at a slightly larger ra-
dius, and the decrease in its value at the liquid interface with in-
creasing downstream distance is faster. The radial pressure gradient
is always positive so that pressure increases everywhere monotoni-
cally with radius. The maximum values of tangential velocity and of
radial pressure gradient decay with increasing downstream coordi-
nate value. The location of the maximum tangential velocity moves
toward the symmetry axis with downstream distance, whereas the
radial location of the pressure-gradient maximum varies much less.
The rate of decay with downstream distance for both the tangential
velocity gradient and the radial pressure gradient will decrease as the
Reynolds number Re becomes larger. Again, for very large Reynolds
number, the primary dependencies on both x̃ and Reynolds number

Fig. 13 Maximum value of nondimensional tangential velocity in ra-
dial profile and radial location of maximum value vs x̃/Re for Re = 500,
750, and 1000, parabolic axial velocity profile.

appear through the variable x̃/Re. At a given value of x̃/Re, the
radial profile becomes independent of Reynolds number for large
values of Re. Figure 13 shows the maximum tangential velocity
value in the radial profile and the radial location of that maximum
value vs x̃/Re for various values of Reynolds number. The curves
for the maximum value fall together when plotted vs the x loca-
tion normalized by the Reynolds number. The radial location of
the maximum also has the x̃/Re dependence, for large Reynolds
number.

In the limit where ε = 0 (plug flow) with the neglect of the stream-
wise derivative of viscous stress, Eq. (45) becomes a Bessel equa-
tion. Then, Eq. (51) with the constraint of finite magnitude yields
the solution Wn(r̃) = J1[

√
(kn Re)r̃ ]. Equation (55) will be applied

to determine the eigenvalues for the Bessel equation.

VII. Swirl-Induced Hydrodynamics
Until this point, the analysis has emphasized the base flow with

parabolic velocity profile, and plug flow has been considered as a
limiting case. To avoid some more complex algebra and calculus,
certain simplifications are made for the analysis in these remaining
sections. In particular, ε = 0 (plug flow) is assumed, and so u0 is a
constant. The dimensional equations governing u1, v1, and ρ1 with
constant viscosity are

ρ0
∂u1

∂x
+ ρ0

r

∂

∂r
(v1r) = −u0

∂ρ1

∂x
(60a)

ρ0u0
∂u1

∂x
+ ∂p1

∂x
= µ0

r

∂

∂r

(
r
∂u1

∂r

)
+ µ0

∂2u1

∂x2
− 1

3

µ0u0

ρ0

∂2ρ1

∂x2

(60b)

ρ0u0
∂v1

∂x
+ ∂p1

∂r
− ρ0

w2
1

r
= µ0

r

∂

∂r

(
r
∂v1

∂r

)
− µ0v1

r 2

+ µ0
∂2v1

∂x2
+ 2µ0

3ρ0

[
∂(u0)

∂r

∂ρ1

∂x
+ u0

∂2ρ1

∂r∂x

]
(60c)

and p1 and ρ1 will be connected through an equation of state. How-
ever, density variation occurs primarily because of temperature vari-
ation. For the moment, density perturbations will not be considered,
that is, ρ1 = 0; that linear effect will be added in the next section.
Note that the term (−ρ0w

2
1/r) in Eq. (60c) is actually a higher-

order term. It is kept in Eq. (60) because in practice the centrifu-
gal effect might be the dominant factor in determining the radial
pressure gradient. With w1 given via the solution method indicated
in the preceding section, the problem stated by Eq. (60) remains
linear.
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A radial velocity will be created by both the Stefan flow and the
imposed swirl. Let us first consider the velocity and pressure per-
turbation due to the imposed swirl. The imposed swirl velocity at
x = 0 is simply taken as w1 = cu0 J1(λ1r̃), where λ1r̃i is the lowest
value satisfying Eq. (55) and c is a given constant. The same nondi-
mensional scheme from earlier sections is used. Separation can be
assumed for these linear equations so that

u1/u0 = U (r̃) exp(−λx̃) (61a)

v1/u0 = V (r̃) exp(−λx̃) (61b)

p1

/
ρ0u2

0 = P(r̃) exp(−λx̃) (61c)

Note that

w2
1

/
u2

0 = c2 J 2
1 (λ1r̃) exp(−2k1 x̃) (61d)

with k1 = λ2
1/Re.

We will consider first the values of u1, v1, and p1 caused by
the swirl velocity. We will add the particular and homogeneous
solutions for the linear problem given by Eq. (60). Equations (60a–
60c) become after separation

−λU + 1

r̃

d

dr̃
(V r̃) = 0 (62a)

−λU − λP − 1

Re

1

r̃

d

dr̃

(
r̃

dU

dr̃

)
− λ2

Re
U = 0 (62b)

−λV + dP

dr̃
− 1

Re

[
1

r̃

d

dr̃

(
r̃

dV

dr̃

)
− V

r̃ 2

]
− λ2

Re
V = c2 J 2

1 (λ1r̃)

r̃

(62c)

When exponents are matched, λ = 2k1 for the particular solution,
whereas it remains to be determined for the homogeneous solutions.
Also, the right side of Eq. (62c) becomes zero for the homogeneous
solution. First, we will seek the particular solution.

Before solution of Eqs. (62a–62c), certain behavior can be noted
by inspection for large Reynolds number. From Eq. (62b), we see
that λ must be of the order of 1/Re, which is small compared to
unity. Then, the last terms on the left sides of Eqs. (62b) and (62c)
are negligible compared to other terms. More importantly, the radial
pressure gradient and centrifugal acceleration terms in Eq. (62c)
balance each other to lowest order. Note that the variations of w1

and p1 in the x̃ direction are negligible in this high Reynolds number
limit.

In solving the system of equations, we will neglect those stress
terms of order (λ2/Re) that originated from the second derivatives
in the x̃ direction. Equations (62a) and (62b) can be combined to
eliminate U , giving P in terms of V and its first three derivatives.
Substitution for the derivative of P in Eq. (62c) yields a fourth-order
system for V ,

d2V

dr̃ 2
+ 1

r̃

dV

dr̃
− V

r̃ 2
= ζ (63a)

d2ζ

dr̃ 2
+ 1

r̃

dζ

dr̃
− ζ

r̃ 2
+ λ2

(
1 + Re

λ

)
ζ + Reλ3V

= −Reλ2c2 J 2
1 (λ1r̃)

r̃
(63b)

where ζ is a conveniently defined variable with no particular phys-
ical interpretation.

Certain boundary conditions can be applied on the fourth-
order system. We expect that V = 0 at r̃ = 0. From the sym-
metry of U at r̃ = 0, it follows from Eqs. (62a) and (63a) that
V ′′(0) = (2/3)ζ(0) = 0. At r̃i = Ri/R, we take V (r̃i ) = 0 and, when
the no-slip condition at the interface for this plug-flow case is re-
placed with a zero-shear-stress condition, U ′(r̃i ) = 0. These four

boundary conditions on V and its derivatives are sufficient to solve
the system of equations given by Eqs. (63a) and (63b).

We can find a solution to Eq. (63) of the form

V =
∞∑

m = 0

bmr̃ 2m + 1 (64a)

Substitution into Eq. (62a) yields that

U = 2

λ

∞∑

m = 0

(1 + m)bmr̃ 2m = 1

k1

∞∑

m = 0

(1 + m)bmr̃ 2m (64b)

Substitution of Eq. (64a) into Eq. (63) gives the recursive relation
that governs bm

bm + 2 = −λ2

4

1 + Re/λ

(m + 2)(m + 3)
bm + 1 − Reλ3

16(m + 1)(m + 2)2(m + 3)

× bm − Reλ2c2λ1

16(m + 1)(m + 2)2(m + 3)
Amλ2m + 1

1 (64c)

where the manipulation with the Bessel function gives

Am = 1

4

(
−1

4

)m m∑

q = 0

1

q!(q + 1)!(m − q)!(m − q + 1)!
(64d)

Equation (64a) satisfies the two boundary conditions at r̃ = 0. Equa-
tion (64c) gives b2, b3, b4, etc., in terms of b0 and b1. Those first two
coefficients can be determined by applying the boundary conditions
at r̃i , which give

∞∑

m = 0

bmr̃ 2m + 1
i = 0,

∞∑

m = 0

m(1 + m)bmr̃ 2m
i = 0 (64e)

The coefficients bm for m = 0, 1, . . . , N can be determined with
sufficient accuracy for large N values by truncating the summations
in Eqs. (64e) after the first N + 1 terms. Then Eqs. (64c–64e,) yield
a linear algebraic system for the coefficients.

Equation (64c) can be taken to the infinite Reynolds number Re
limit, noting λ = 2k1 = O(Re−1), so that

bm + 2 = − λ2
1c

2(m + 2)(m + 3)
bm + 1 (65)

Now, Eq. (65) allows the determination of coefficients b1,b2, b3, b4,
etc., in terms of b0, whereas the first constraint of Eq. (64e) allows
the determination of b0. Thus, some error is allowed with this solu-
tion. This can be viewed as a good approximation at high Reynolds
number for a core flow with poor resolution of the gas boundary
layer near the liquid film. Note that, in this inviscid limit, the coeffi-
cients bm do not depend on the tangential component of velocity. As
a consequence, the first Eq. (64e) combined with Eq. (65) yield that
bm = 0 for all values of m. The interpretation of this high Reynolds
number plug-flow particular solution is that the radial pressure gra-
dient term equals the centrifugal acceleration term with the radial
velocity and axial velocity perturbations being zero. If the radial
velocity and axial velocity perturbations are zero at inflow, this par-
ticular solution gives the total solution and the velocity perturbations
due to swirl will be zero throughout the flow. There would not be any
pressure gradient in the axial direction. If the inflow conditions are
nonzero, the homogeneous solution to Eqs. (62a–62c) will present
the velocity field. If the Reynolds number is not taken to the limit,
Eq. (64c) is used rather than Eq. (65). Then, the swirl-induced cen-
trifugal acceleration is not immediately balanced by the pressure
gradient, and bm will not be zero for values of the integer index m.

To satisfy specific inflow conditions, a homogeneous
(nonswirling) solution of Eqs. (61) and (62) must be added to the
earlier described solution. Now, consider the homogeneous solu-
tion for Eqs. (62a–62c). The homogeneous solution of Eqs. (62), or
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equivalently Eqs. (63a) and (63b), is fortuitously the same solution
found in the inviscid (infinite Reynolds number) limit,

U (r̃) = J0(λ̄nr̃), V (r̃) = J1(λ̄nr̃) (66)

that is, the same velocity solution holds for the inviscid and viscous
(with slip at the liquid interface) solutions in this constant den-
sity and viscosity problem. Solutions (66) satisfy the homogeneous
boundary conditions at r̃ = 0. V (r̃i ) = 0 is obtained by choosing λ̄nr̃i

to be a root of J1. Of course, this simple form of the homogeneous
solution to Eqs. (62) will not satisfy the no-slip boundary condition
on the axial component of velocity.

Here, we will consider that the radial velocity at inflow is zero.
Radial acceleration of the flow due to the swirl begins immediately at
inflow. It follows from the combination of the homogeneous solution
with the swirl-induced solution that

u1sw

u0
= 1

k1
exp(−2k1 x̃)

∞∑

m = 0

(1 + m)bmr̃ 2m

−
∞∑

n = 0

c̄n J0(λ̄nr̃) exp(−λ̄n x̃) (67a)

v1sw

u0
= exp(−2k1 x̃)

∞∑

m = 0

bmr̃ 2m + 1 −
∞∑

n = 0

c̄n J1(λ̄nr̃) exp(−λ̄n x̃)

(67b)

The coefficients c̄n are chosen to give v1sw = 0 at x̃ = 0. Namely,

c̄n = 2

r̃ 2
i J 2

2 (λ̄nr̃i )

∫ r̃i

0

r̃ J1(λ̄nr̃)

[ ∞∑

m = 0

bmr̃ 2m + 1

]
dr̃ (67c)

The subscript sw indicates that these are the velocity perturbations
due only to induced swirl. The velocity perturbations due to Stefan
flow and to density variations can be added to these values. In the
inviscid limit where bm = 0, Eqs. (67a–67c) indicate that both the
axial velocity and radial velocity perturbations will have zero value
everywhere. In the viscous case with swirl, the axial velocity pertur-
bation at x̃ = 0 will be nonzero, whereas the radial velocity is zero
there. Nonzero values can be expected for both velocity perturba-
tions for the flow downstream of the entrance.

If we change the inflow conditions so that u1sw = 0 at x̃ = 0 while
the radial velocity is not constrained, Eqs. (67a) and (67b) remain
unchanged, but Eq. (67c) is replaced by

c̄n = 2

k1r̃ 2
i J 2

0 (λ̄nr̃i )

∫ r̃i

0

r̃ J0(λ̄nr̃)

[ ∞∑

m = 0

(1 + m)bmr̃ 2m

]
dr̃ (67d)

Figure 14 presents the swirl-induced radial velocity component for
a viscous plug-flow case with the value of Re = 1000. The radial

Fig. 14 Contours of nondimensional radial velocity component in-
duced by swirl for Re = 1000, plug-flow axial velocity profile.

velocity is positive everywhere and, therefore, can be expected to
add to the transfer of heat to the liquid surface. It can also reduce
the transfer of fuel vapor mass away from the surface. The radial
velocity behaves similarly to the tangential velocity that induced
it, namely, a maximum is obtained at some radial position and de-
cay of magnitude with increasing downstream distance is obtained.
Note that the homogeneous solutions of Eqs. (67a) and (67b) do not
depend on downstream position through x̃/Re.

VIII. Stefan Flow and Effects of Gas Expansion
Another radial velocity component is created by the vaporization.

This flow perturbation is known as the Stefan flow. The linear nature
of the system of Eqs. (60) allows us to add the velocity perturbations.
Because the vaporization rate per unit surface area ṁ = − ρ0v1s , it
follows from Eq. (41a) for the limiting case of plug flow that the
Stefan flow component of radial velocity at the liquid/gas interface
is

v1s

u0[vYO∞ + YFs]
= − 2

Pe

1

r̃i

∞∑

n = 1

exp(−kn x̃) (68)

The Stefan velocity at the interface is radially inward and thereby
negative. In this limit, the velocity component becomes infinite at
x̃ = 0.

The preceding analyses have considered density to be constant.
However, gas expansion will affect the velocity field and thereby
affect transport and species conversion rates. Thus, in this section,
the expansion effect is considered within the linearized framework.

The density ρ = ρ0 + ρ1 can be considered to be primarily depen-
dent on the temperature, T = T∞ + T1. That is, the pressure is essen-
tially uniform as far as thermodynamic importance, and molecular
weight variations will not be considered. The subscript zero denotes
the constant inflow values, whereas the subscript unity implies the
perturbation due to heat release, transport, and expansion. A perfect
gas relationship is assumed. Then, a linearized relation between
density and temperature perturbations yields

ρ1/ρ0 = −T1/T∞ = −[(
α(1)

/
cpT0∞

) − 1 + δA

(
Qα(2)

/
cpT0∞

)]

(69)
The Shvab-Zel’dovich variables definitions have been used to obtain
the second relation. On the fuel side of the flame δA = 0, whereas
on the air side δA = 1, that is, δA = H(−α − YF S) where H is the
Heaviside function.

For combustion problems, the temperature and density pertur-
bations will be larger than the zero-order values, causing a linear
approximation to give a negative density. Therefore, we make an ad
hoc nonlinear correction for the relationship between density and
temperature perturbations. Now, Eq. (69) is replaced by

ρ1

ρ0
= − T1

T∞

1

1 + T1/T∞
= −

[(
α(1)

/
cpT∞

)− 1 + δA

(
Qα(2)

/
cpT∞

)]
[(

α(1)
/

cpT∞
) + δA

(
Qα(2)

/
cpT∞

)]

(70)
Now, modify Eq. (16) by subtracting the x̃ derivative of a function
of r̃ , which, of course, is zero. That is, ρ0 is constant, and u0 is a
function of r̃ for parabolic base flow and a constant for plug flow.
Thus, we may state

∂

∂ x̃
(ρu − ρ0u0) + 1

r̃

∂

∂ r̃
(ρvr̃) = 0 (71)

and ρu = ρ0u0 at the inflow plane x̃ = 0. The radial velocity is zero
at the centerline and equal to v1s(x̃) at the film interface, r̃ = r̃i . The
following exact solution to this continuity equation can be found by
inspection:

ρu

ρ0u0
= 1−2

(
ρs

ρ0r̃i

)∫ x̃

0

(
v1s(x̃ ′)

u0

)
dx̃ ′,

ρv

ρ0u0
= ρsv1s(x̃)r̃

ρ0u0r̃i

(72)
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In these equations, ρ = ρ0 + ρ1, where ρ1 is determined by Eq. (70)
and v1s(x̃) is given by Eq. (68). Note that this solution can only
apply when the inflow condition for the radial velocity gives a lin-
ear profile. Furthermore, it implies that ρu is function only of one
variable x̃ and is independent of radial position. The density and
axial velocity themselves can depend on both spatial variables.

The inviscid-gas-flow (large Reynolds number) assumption is
made in this section. The Peclet number is considered to be finite
in the determination of the density field so that negligible Prandtl
number is implied, a very strong but convenient assumption. For
the inviscid plug flow without any radial velocity component at the
inflow, the radial velocity due to swirl is zero everywhere. The pres-
sure field due to the Stefan flow and the varying density can be
determined by integration of the two linearized momentum equa-
tions. In the infinite Reynolds number limit (inviscid plug flow),
Eqs. (61b) and (61c) become

∂

∂ x̃

(
u1

u0

)
+ ∂

∂ x̃

(
p1

ρ0u2
0

)
= 0,

∂

∂ x̃

(
v1

u0

)
+ ∂

∂ r̃

(
p1

ρ0u2
0

)
= 0

(73)
Equation (72) would provide the velocity values for these equations.
Equations (73) can each be differentiated and then added together.
Note the first equation is differentiated with respect to x̃ , whereas
the second equation is multiplied by r̃ , then differentiated with re-
spect to r̃ , and finally divided by r̃ before adding the two equations.
Equation (60a) can be used to eliminate the velocity perturbation
terms. The result is a Poisson equation for the pressure perturbation,

∇̃2 p1 = u2
0

∂2ρ1

∂ x̃2
(74)

If the determination of the pressure perturbation is desired, the right
side can be evaluated using Eq. (70), and a Green’s function (see
Ref. 32) can be created to obtain the solution. The boundary condi-
tions on the normal pressure gradient at the inflow and exit planes
and at the liquid surface can be obtained by applying Eq. (73) at
those boundaries.

When we specify the inputs for the calculations of the Stefan ve-
locity and the expansion velocity, the quantities Q/cpT∞, YFs , and
[vYO∞ + YFs] will depend on the particular fuel/oxidizer combina-
tion. We use here heptane and air.

The variation of the nondimensional density perturbation
throughout the combustion chamber is shown in Fig. 15 for the case
Pe = 500, whereas the corresponding results for the velocity per-
turbations due to the combined effects of vaporization and density
variation are shown in Figs. 16 and 17. The inflow-air temperature
is 298 K, whereas the heptane liquid surface is at the wet-bulb value
of about 360 K. The contours are shown as a a function of x̃/Pe
because the dependence on the two variables x̃ and Peclet number
collapse to that similarity variable for large values of Peclet num-
ber. Also, as indicated through Eq. (68), the asymptotic behavior for

Fig. 15 Contours of the nondimensional density perturbation varia-
tion in combustor with inviscid plug flow, Pe = 500.

Fig. 16 Contours of nondimensional axial velocity perturbation due
to vaporization and density variation with inviscid plug flow, Pe = 500.

Fig. 17 Contours of product of Peclet number and nondimensional
radial velocity perturbation due to vaporization and density variation
with inviscid plug flow, Pe = 500.

the radial velocity is indicated by plotting contours of the product
(v1/u0)Pe. The density perturbation in Fig. 15 has its most nega-
tive value (a minimum) at the flame. The axial velocity perturbation
is closely correlated with the density perturbation and achieves a
maximum value at the flame. Because the product of density and
radial velocity is proportional to the radial position and density has
a minimum value at the flame, the negative (inward) radial velocity
has a maximum absolute value in its radial variation at a point near
the flame.

Now the three components of the radial velocity due to swirl,
vaporization, and gas expansion can be summed using Eqs. (67b)
and (72) to give the total radial velocity,

v1tot/u0 = (v1sw/u0) + (v1st/u0) + (v1e/u0) (75)

Unfortunately, in the inviscid situation studied for the Stefan flow
and gas-expansion-induced flow, the radial velocity perturbation due
to swirl is zero. In other cases, its magnitude and effect on transport
is likely to be significant.

IX. Correction on Transport, Vaporization, and
Burning Rates Due to Radial Velocity

The solutions for the scalar variables and for the vaporization rates
given by Eqs. (33) and (37–41) will be modified by the effects of
the radial velocity. The governing equation (27) must be modified.

The general equation for the scalar variable can be written in
dimensional form as

L(α1,2) = ρD∇2α1,2 − ρu · ∇α1,2 = 0 (76)
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The definition of the Peclet number for this variable density case is
generalized with ρD = constant. That is, Pe = ρ0u0 R/ρD. In the
constant density case, it collapses to the earlier definition.

The nondimensional form for the infinite Reynolds number (plug-
flow) limit becomes

∇̃2α−Pe
ρu

ρ0u0
·∇̃α = ∇̃2α−Pe

[
ρu

ρ0u0

∂α

∂ x̃
+ ρv

ρ0u0

∂α

∂ r̃

]
= 0 (77)

We can take advantage of the situation here with ρu being a function
only of x̃ according to Eq. (72). Define a(x̃) = Pe(ρu/ρ0u0) and
b(r̃ , x̃) = Pe(ρv/ρ0u0). Now, Eq. (77) can be replaced by

∇̃2α̂ − a(x̃)
∂α̂

∂ x̃
− b(r̃ , x̃)

∂α̂

∂ r̃
= 0 (78)

Equation (78) can be solved by numerical integration. Simultaneous
solution with Eqs. (72) is required.

The boundary conditions for Eq. (78) can now be set. Along the
axis of symmetry, the boundary condition is

∂α

∂ r̃
(0, x̃) = 0 (79)

At the liquid surface, we have that

α(r̃i , x̃) = 0 (80)

At the inflow plane, we have

α(r̃ , 0) = 1 (81)

At the exit plane after combustion is completed, it can be stated that
the x̃ derivative of the variable α goes to zero,

∂α

∂ x̃

(
r̃ ,

L

R

)
= 0 (82)

After solving Eqs. (78–82) for α, we can calculate the transport rates
and vaporization rate at the liquid surface, in particular, we have

∂α

∂ r̃
(r̃i , x̃) = R

α0

∂α(1,2)

∂r
(Ri , x) = ṁ R

ρDα0/(1 − YFs)
(83)

Equation (78) with the boundary conditions (79–82) was solved by
finite difference calculations for heptane fuel and air combustion at
various Peclet number values. Central differencing was used to dis-
cretize the spatial derivatives. Although the use of central differenc-
ing circumvents the problem of numerical diffusion, cell Reynolds
(or Peclet) numbers were monitored and underrelaxation was em-
ployed to provide stability and accuracy. For Peclet numbers greater
than 100, at least 400 nodes were used in the axial and radial direc-
tions. Numerical parameter changes were performed to ensure grid
independence and accuracy. Computations with high Peclet num-
bers required about one day on a single processor desktop computer.

Figures 18–20 show the corrected results for the scalar α at the
three values, Pe = 10, 100, and 500, respectively, with plug flow.
The combined effects of vaporization and density variation do tend
to distort the contours as compared to the uncorrected case. A con-
tour line near the liquid film is moved away from the film by the
Stefan flow. The point where the contour crosses the symmetry axis
is moved downstream because the stream moves faster due to both
the added mass from vaporization and the expansion due to temper-
ature variation. The contours are plotted with the axial coordinate
normalized by Peclet number because for very large Peclet values,
the dependencies on Peclet number and the axial coordinate are ex-
pected to collapse accordingly, as mentioned earlier. In the range
from 10 to 500, some additional dependency on Peclet number is
seen; the differences between the Pe = 10 and 100 cases are greater
than the differences between the 100 and 500 cases. This can be
seen in Figs. 21 and 22, where the flame contour and the normal-
ized transport rate at the liquid surface with a heptane–air flow are
compared for the three Peclet numbers. Furthermore, the corrected

Fig. 18 Corrected α scalar contours due to velocity perturbations,
Pe = 10, plug flow.

Fig. 19 Corrected α scalar contours due to velocity perturbations,
Pe = 100, plug flow.

Fig. 20 Corrected α scalar contours due to velocity perturbations,
Pe = 500, plug flow.

and uncorrected values are compared. For the larger Peclet number,
the correction due to Stefan flow reduces the transport rate at the
film surface so that a longer film length will be required to supply
the required amount of fuel vapor.

Comparisons of the flame contour are also shown in Fig. 23; the
effects of axial diffusion and the effects of the correction due to
vaporization and density variation are shown for the Pe = 10 case.
Axial diffusion effects are eliminated from the uncorrected scalar
solution by using Eqs. (33) and (36) after setting λ2 ≡ Pek. Those
axial diffusion effects are eliminated from the corrected solutions
by replacing the Laplacian operator in Eq. (78) with only the radial
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Fig. 21 Corrected and uncorrected nondimensional transport rates at
liquid surface, with heptane.

Fig. 22 Corrected and uncorrected flame shapes at various Peclet
numbers for plug flow, with heptane.

Fig. 23 Flame position with and without axial diffusion, plug flow,
Pe = 10.

derivatives and excluding the axial second derivative; consistently,
the exit-boundary condition given by Eq. (82) is eliminated. For
this value of Peclet number, the effect on the solution and on flame
position is significant; for very large Peclet number, the axial dif-
fusion effects are negligible. For the uncorrected solution, the axial
diffusion increases the burning rate per unit length and shortens
flame length. Apparently, the axial diffusion brings the reactants to
the flame faster. However, this increased burning intensity will also
increase the vaporization rate per unit length. Therefore, for the cor-
rected solution, an increase in axial velocity at a given downstream
position will result; this means that the corrected flame with ax-

Fig. 24 Comparisons of flame contours for three types of solutions,
Pe = 500.

ial diffusion stretches farther downstream than the corrected flame
solution without axial diffusion.

Figure 24 shows the differences in the flame contour results at
Pe = 500 for three types of calculation. The plug flow results in
a longer flame, whereas again the corrections due to the velocity
perturbations also result in a longer flame. The longer flame for the
plug flow is attributed to the higher average axial velocity for a given
Peclet number value.

X. Conclusions
The liquid-film combustor has been analyzed for steady, laminar,

axisymmetric flow for the two cases of a fully developed parabolic
velocity profile and a flat plug-flow velocity profile to describe the
base flow. Linear perturbations have been used to treat the effects
of swirl-induced flow, vaporization-induced flow, and gas expan-
sion. A solution with a standing diffusion flame and cool walls is
obtained, in qualitative agreement with experiments. Thus, theoret-
ical support is given to the experimental observation that, unlike
premixed combustion or spray combustion, stable liquid-fuel film
burning can occur in small-diameter chambers without quenching.
In particular, the vaporizing liquid film allows the wall temperatures
to remain below the liquid boiling point.

The flame length at higher Peclet number values is many combus-
tor radii and is also substantially longer than the film length required
for vaporizing a stoichiometric amount of fuel. This situation can
result in dry walls exposed to high heat fluxes. This means that, for
higher mass flows, it is desirable to increase significantly the effec-
tive diffusivity (to decrease the effective Peclet number and flame
length) via vortex generation.

The perturbations to the velocity field due to vaporization and
gas expansion have significant effects on the combustion process,
extending the flame length and modifying the vaporization rate per
unit surface area as a function of downstream position.

For the inviscid flow, swirl has no effect within this linear the-
ory. This linearized analysis gives some indication of the important
physics and of some length scales of the flow downstream of the air
inlet; however, it can not represent well the inflow and flame holding
details. The swirling inflow would have a three-dimensional char-
acter and would typically involve jets from ports, wakes of flows
through vanes, and/or recirculation zones. Computational fluid dy-
namic methods are required to give better resolution of all of the
physics in the inflow and flame holding region. Therefore, three-
dimensional solutions of the Navier–Stokes equation for the multi-
component reacting flow are required in the future for resolution of
this upstream region.
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